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Abstract —In this paper , we introduce the concepts of frontier of soft semi #ga-closed sets in soft bi-topological
spaces, which is denoted by (1, 2)*soft semi #ga-fr(F,A), where (F,A) is any soft set of (X,E ).
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l. INTRODUCTION

In 1963, the concepts of bi-topological spaces was originally initiated by J.C.Kelly[3]. The theory of generalized
closed sets in topological spaces which was found by Levine [8] in 1970. The concepts of generalized and semi
generalized closed sets was introduced and studied by Lellis [7] in classical topology. He defined a bi-topological space
(X,t1,T,) to be a set X with two topologies t; and 7, on X and initiated the systematic study of bi-topological spaces.
The soft theory is rapidly processing in different field of mathematics. It was first proposed by Russian researcher
Molodtsov [9] in 1999. Muhammad Shabir and Manazza Naz [10] introduced soft topological spaces in 2011. It was
defined over an initial universe with a fixed set of parameters. N.Cagman and S.Karatas[2] introduced topology on a set
called “soft topology” and initiated the theory of soft topological spaces in 2013. In this paper we defined and
examined the basic properties of (1,2)" soft semi #ga-frontier in soft bi-topological spaces and study their properties.

1. PRELIMINARIES

In this section we have presented some of the basic definitions and results of soft set, soft topological space, bi-
topological space to use in the sequel. Throughout this paper, X is an initial universe, E is the set of parameters,
P(X) is the power set of X, and Ac X.

> 2. Definition 2.1.

Let T be the collection of soft sets over X, then ¥ is called a soft topology on X if ¥ satisfies the following
axioms:

()@ , X belongs to % .

(ii)The union of any number of soft sets in ¥ belongsto T .

(iii) The intersection of any two soft setsin ¥ belongs to T .
The triplet (X, T ,E) is called a soft topological space over X. For simplicity, we can take the soft topological
space (X, T ,E)as X throughout the work.

»  Definition 2.2.
A set X together with two different topologies is called bi-topological space. It is denoted by (X, 71,7, ).
» Definition 2.3.
A soft set (F,A) of a soft topological space (X, 7 ,E) is called

(i) soft @ — closed [4] if 3cl(Sint (3cl(F,A))) € (F,A). The complement of soft a-closed set is called soft a-
open.
(i) soft semi — closed [2] if §int(3cl(F,A)) € (F,A). The complement of soft semi — closed set is called soft
semi-open.
(iii) soft g-closed [5] if Scl(F,A) € (U,E), whenever (F,A) € (U,E) and (U,E) is soft open in (X, %, E). The
complement of soft g-closed set is called soft g-open.
(iv) soft g* a- closed [6] if S acl(F,A) € (U,E), whenever (F,A) € (U,E) and (U,E) is soft g-open in (X, £,
E). The complement of soft g* o -closed set is called soft g* o -open.
(v) soft #ga- closed [8] if §acl(F,A) € (U,E), whenever (F,A) € (U,E) and (U,E) is soft g*a- openin (X,
7, E). The complement of soft #go -closed set is called soft #go. -open.
(vi) soft semi #go-closed [9] if §scl(F,A) € (U,E), whenever (F,A) € (U,E) and (U,E) is soft #go- open in
(X, T, E). The complement of soft semi #ga -closed set is called soft semi #go. -open.
(vii) The union of all soft semi #go. open sets [10] each contained in a set (F,A) of (X, %, E) is called soft
semi #ga interior of (F,A) which is denoted by § semi #ga-int(F,A).
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(viii) The intersection of all soft semi #ga- closed sets [10], each containing a set (F,A) of (X, %, E) is called
soft semi #ga-closure of (F,A), which is denoted by §semi #ga-closure of (F,A).

» Definition 2.4.
Let X be a non-empty soft set on the universe X , ¥, ¥, are different soft topologies on X. Then (X, %, , %, ) is
called a soft bi-topological space.

» Definition 2.5.
Let F, € S(U). Power soft set of F, is definedby, P (F,)={F; € F,:i€l}
And its cardinality is defined by |P (Fy)| =2 Xeelfa(x)| , where |£4(X)| is cardinality of £, (X).

» Example 2.6.
LetU={u; ,up;,us},E={x; ,xp; yand Fz =X ={(x; {uy ,up,us}, (x; {1y ,uy,us P} And let (X,
%, T,) beasoft bi-topological space, where #; = { @, Fy, , Fp, , Fag , X}, T2 = {0, Fy, , Fay s Fap » X}
then 77, soft open setsare { @, Fy, Fu, , Fag » Fag » Fayy + Fay, + Fayy » X }and 775 soft closed sets are
{@, FA4 FA6 !FA7 y FA12 ,FA31 y FA44 y FA46 ,X } Then y

FA1: [0)]

Fy, = {Ce, (i D}

Fy, ={(, {u 1)}

Ey, = {1, {us )}

Fyg ={(, {u1 w21}

Fy, = {1, {up us})}

Ey, = {(oc1, {uz w1 1)}

Fpg = {(xe2, (ur D}

Ey, = {(x2, {u21)}

g0 = {(x2, {us )}

FA11 = {(x2 {wy ,uz})}

Fp, = {02, {uz usH}

Fyyy = {(xer, {us wi D}

FA14: {Cq {w} G {w D}
FAlsz{(xl Aurd (g {u2d)}
Fpo =0 {ui} (e  {ug,up 1)}
Fpy ={0a  {uz} G, {wg )}
Fpg ={0q {uz} (2 , {w2})}
Fprg ={0 {ua} (2, {ug,u2})}
Fppo = {0 o {us} (2, {w})}
Fppy = {0 o {us} (2, {w2})}
Fpp, = {001, {us} , (2, {ug o)}
Fyys ={(e1 {us} 2 {uz wi})}
Fup, = {01 {ui} ,(x2 , {us})}
Fpps ={(x1  {ui} (2, {uz us})}
Fppe = {01, {uz} (2, {us w1 })}
Fppp = {0 {2} (2 {us}))}
Fppe = {0 {uz} (2 , {ugus})}
FAzgz{(xl Awd G, {us, ugd)}
Fppp ={( ,{us} , (xz ,us}
Fpqy ={(x1 ,{us} (2, {uz us})}
Fup, = {001, {ug w2}, (p , {w P}
Fppy = {01 {wg w2} (2 o {u2})}
Fppy =01 o {wg uz} (2, {ug, u2})}
Fpps ={(e1 ,{uz us} , (2, {1}
Fppe = {1 {ug us} , (xp , {w2})}
Fppy={(cq {uz uz} , (2, {ug, ux 1)}
Fppe ={(x1  {uz w1} , Gz, {wg )}
Fppo ={0e1 ,{us i} , (x2 , {u2})}
Fppo ={0e1 {us i} (2 {ug, w1}
Fppy = {0 {wg w2} (2 o {us})}
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Fpp = {0 o {wg w2} (2 o {uz ,us )}
Fypp = {0 {ug us} (2, {us})}
FA44: {(e1 {uz us} , (xz ,{uz,us})}
Fppe = {Gaq  {us wi} , (xp ,{us})}
Fauq =H(x {uzw} (e {ug us}
Fy,, = {Cq {ur up us})}
Fpe ={(1 {ug uz us} (2 , {wg})}
Fpo = {0 {wg up us}, (xp , {uz}
Fygy = {Cq {ur ug us} (2 , {uwg, w2}
Fpo, = {0 {wg up us}, (xp , {uzh)}
Fpo, = {01, {ug up us}, (x2 , {up,us})}
Fyg, = {Cq {ug ug us} (xp , {uz, u D}
Fpo, = {0 s {w} (g {ug, up, uz})}
Fpoe = {(a1 {2}, (22, {ug, up, u3})}
Fpg = (G {w, ud (g, (g, up, us})}
Fpo, = {01, {us}, (2, {ug, up, uz})}
Fpog = {(x1 , {up, u3}, (2, {ug, up, uz})}
Fpg, (G yug,usd (e, {ug, up, uzh)}
Fpgo = {01 {ug,us}, (2, { ug, u3})}
Fpg = {0 {ug, uz}, (2, { ug, u3})}
Fp, = {(q {uz us}, (x2, { ug, uz})}
Fpgp = { Coo {ug, up, uz P}
Fag, = {01 ,{uy ,up,u3}, (xp L {ug, up, uz})} = X. Are all soft subsets of Fg. So |P (F) | =2° =64
» Definition 2.7.
A soft set (F,A) of a soft bi-topological space (X, 7, 5,E) is called (1,2)* soft semi #ga-closed if 3 scl (F,A)
€ (U,E), whenever (F,A) € (UE) and (U,E)is (1,2)" soft #go-open in (X,7;,7;,E). The complement of
(1,2)" soft semi #ga-closed set is called (1,2)* soft semi #ga-open.
» Theorem 2.8.
If (F.A)and 77,(G,B) are soft subset of (X,E), then
(i) (F,A) is (1,2)" soft semi #ga-open iff (1,2)* soft semi #ga-int(F,A) = (F,A).
(ii) (1,2)* soft semi #go-int (F,A) is (1,2)* soft semi #go — open.
(iii) (F,A) is (1,2)" soft semi #ga-closed iff (1,2)" soft semi #ga-cl(F,A) = (F,A).
(iv) (1,2)" soft semi #ga-cl (F,A) is (1,2)* soft semi #ga-closed.
(V) (1,2)" soft semi #ga-cl (X,E)\(F,A)) = (X,E)\ (1,2)" soft semi #ga-int(F,A).
(vi) (1,2) soft semi #ga-int((X,E)\(F,A)) = (X,E)\ (1,2)" soft semi #ga-cl(F,A).
(vii) If  (F,A)is (1,2)* soft semi #go-open in (X, 71, %2,E) and 75(G,B) is (1,2)* soft semi #ga-open in
(X, 71, ©3,E), then, (F,A)A 772(G,B) is (1,2)" soft semi #ga-open in (X, 1, T3,E)
(viii) A point x € (1,2)* soft semi #ga-cl (F,A) iff every (1,2)* soft semi #ga-open set in (X,E) containing x
intersects (F,A).
(ix) Arbitary intersection of (1,2)* soft semi #go-closed sets in (X, 3, T3,E) is also (1,2)* soft semi #go-closed
in (X, 7, 73,E).
»  Definition 2.9.
(i) For any soft subset (F,A) of 71,(X,E), its (1,2)"soft #ga-border is defined by,
(1,2)" soft bd (F,A) = (F,A)\ (1,2)" soft int(F,A).

(if) For any soft subset (F,A) of 71, (X,E).its (1,2)*soft #ga-frontier is defined by,
(1,2)" soft fr (F,A) = (1,2)* soft cl(F,A) \ (1,2)" soft int(F,A).

1. FRONTIER OF SOFT SEMI #ga -CLOSED SETS IN SOFT BI-TOPOLOGICAL SPACES

In this section, we introduce and study the concepts of frontier of soft semi #ga-closed sets in soft bi-
topological spaces.

3. Soft semi #ga-frontier of a set in soft bi-topological spaces:

3.1.1. Definition:

For any soft subset (F,A) of 71, (X,E), its (1,2)"soft semi #go-frontier is defined by ,

(1,2)" soft semi #ga -fr (F,A) = (1,2)" soft semi #ga- CI(F,A) \ (1,2)" soft semi #ga- int(F,A).
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3.1.2. Theorem.

In a soft bi-topological space (X, 71,,E), for any soft subset (F,A) of %, (X, E), the following statements hold.

(i)(1,2)* soft semi #ga-fr (3) = (1,2)" soft semi #go-fr (X,E) = @.

(i) (1,2)* soft semi #go-cl (F,A) = (1,2)* soft semi #go- int (F,A) N (1,2)" soft semi #go-fr (F,A).

(iii)(1,2)* soft semi #go- int (F,A) i (1,2)* soft semi #ga-fr (F,A) = @.

(iv) (1,2)* soft semi #ga-bd (F,A) € (1,2)* soft semi #ga-fr (F,A) € (1,2)* soft semi #ga- cl (F,A) .

(v) If (F,A) is (1,2)" soft semi #go-closed, then (F,A) = (1,2)*soft semi #ga-int (F,A) U (1,2)* soft semi #ga-fr(F,A).

Proof:

(i) Let us take (1,2) soft semi #ga-fr(@) isin (1,2)* soft semi #go-fr (X,E) and is an empty set.

(ii) Since intersection of (1,2)* soft semi #ga-int (F,A) and (1,2)" soft semi #ga-fr(F,A) should be in (1,2)* soft
semi #ga-cl (F,A) .

(iii) Since intersection of (1,2)" soft semi #ga-int (F,A) and (1,2)" soft semi #ga-fr (F,A) is always empty.

(iv) Border and frontier of (F,A) is always contained in (1,2)" soft semi #ga-cl (F,A).

(v) is follows from (ii) and Theorem 2.8 (ii).
3.1.3. Theorem.
For any soft subset (F.A) of 7,(X,E)inasoft bi-topological space (X, 71,,E), the following hold.

(i) (1,2)* soft semi #ga-fr (F,A)= (1,2)* soft semi #go-cl (F,A) N (1,2)* soft semi #go-cl ((X,E)\ (F,A)).

(i) A point x € (1,2)* soft semi #go-fr (F,A), if and only if (1,2)* soft semi #ga-open set containing X intersects
both (F,A) and its complement 77, (X,E) \ (FA).

(i) (1,2)* soft semi #ga-cl ((1,2)* soft semi #ga-fr(F,A)) = (1,2)" soft semi #ga-fr(F,A), that is (1,2)* soft semi
#ga-fr(F,A), is (1,2)" soft semi #ga-closed.

(iv) (1,2)" soft semi #ga-fr (F,A) = (1,2)" soft semi #ga-fr ((X,E) \ (F,A)).

(v) (F,A) is (1,2)" soft semi #ga-closed iff (1,2)" soft semi #ga-fr (F,A) = (1,2)" soft semi #ga-bd (F,A), that is,
(F,A) is (1,2)" soft semi #ga-closed iff (F,A) contains its (1,2)" soft semi #ga-frontier .
Proof:

From (i), we can prove (iii) by applying the results of Theorem2.8(iii) and (ix). Proof of (iv) is similar.
(V): If (F,A)is (1,2)" soft semi #ga-closed, then (F,A) = (1,2)" soft semi #ga-cl (F,A). Hence by definition 3.1.1.,
(1,2)" soft semi #ga-fr (F,A) = (F,A)\ (1,2)" soft semi #ga-int (F,A) = (1,2)" soft semi #ga-bd (F,A).
Conversly, suppose that (1,2)* soft semi #go-fr (F,A) = (1,2)" soft semi #go-bd(F,A), using Definition 3.1.1. and
definition of soft border, we get (1,2)" soft semi #go-cl (F,A) = (F,A).
3.1.4. Theorem.
For any soft subset (F,A) of 77,(X,E) in asoft bi-topological space (X, 773,E), the following hold.

(i) (F,A) is (1,2)" soft semi #ga-regular iff (1,2)* soft semi #ga-fr (F,A) = @.

(ii)(1,2)* soft semi #go-fr ((1,2)* soft semi #ga-int(F,A)) € (1,2)* soft semi #ga-fr(F,A).

(iii)(1,2)* soft semi #ga-fr ((1,2)* soft semi #ga-cl (F,A)) € (1,2)* soft semi #ga-fr(F,A).

(iv)(1,2)* soft semi #go-fr ((1,2)* soft semi #ga-fr (F,A)) € (1,2)* soft semi #go-fr (F,A)).

(V) 712(X,E) = (1,2)" soft semi #ga-int (F,A) U (1,2)" soft semi #ga-int ((X,E) \ (F,A))U (1,2)" soft semi

#go — fr(F,A).

(vi) (1,2)" soft semi #go-int(F,A) = (F,A)\ (1,2)" soft semi #ga-fr (F,A).

(vii) If (F,A)is (1,2)* soft semi #go-open, then (F,A) N (1,2)* soft semi #ga-fr (F,A) = @ , that is, (1,2)* soft
semi #go-fr (F,A) € 7,(X,E) \ (FA).
Proof:

From Theorem 2.8(i) and (iii) and Definition 3.1.1, (i) can be proved. Since (1,2)" soft semi #go-int (F,A) is
(1,2)" soft semi #ga-open. Similarly (1,2)" soft semi #ga-cl (F,A) is (1,2)" soft semi #ga-closed, (i) and (ii) can
proved. Since (1,2)" soft semi #ga-fr (F,A) is (1,2)" soft semi #ga-closed, invoking the above theorem (iv), (v) can be
proved.

To prove (iv), since (X,E) = (1,2)* soft semi #ga-cl (F,A) U ((X,E)\ (1,2)* soft semi #ga-cl (F,A)), but from the
above theorem (ii) (1,2)* soft semi #ga-cl (F,A) = (1,2)* soft semi #go-int (F,A) U (1,2)* soft semi #ga-fr(F,A).
Also 71,(X,E)\ (1,2)" soft semi #go-cl (F,A) = (1,2)" soft semi #go-int((X,E) \ (F,A)). Hence 71, (X,E) = (1,2)"
soft semi #ga-int (F,A) U (1,2)* soft semi #ga- fr (F,A) U (1,2)* soft semi #ga-int ((X,E) \ (F,A)). Thus (v) is
proved.

Proof of (vi) follows from the Theorem 2.8 (v). If (F,A) is (1,2)" soft semi #ga-open, (F,A) = (1,2)* soft semi
#ga-int (F,A). Hence (vii) follows from (iii).
3.1.5. Theorem.

If (F,A) isany (1,2)" soft subset of (X,E), then (1,2)" soft semi #ga-fr ((1,2)" soft semi #go-fr ((1,2)" soft
semi #ga-fr (F,A)) = (1,2)" soft semi #go-fr ((1,2)" soft semi #ga-fr (F,A)).

Proof:
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If (1,2)" soft semi #go-fr (F,A) is (1,2)* soft semi #go-closed. Then (F,A) is (1,2)" soft semi #ga-closed in
(X,E), then (X,E) \ (F,A) is (1,2)" soft semi #ga-closed and hence we have (1,2)* soft semi #ga-int ((X,E) \ (F,A)) N
(1,2)" soft semi #go-int(X,E) \ (1,2)* soft semi #go-fr (X,E) \ (F,A) = (1,2)" soft semi #ga-cl ((X,E) \ (F,A)).

In both the cases using Theorem 3.1.4 (vii), we get (1,2)" soft semi #go-fr ((1,2)" soft semi #go-fr(F,A)) =
(1,2)* soft semi #ga-fr (F,A) N (1,2)" soft semi #go-fr ((X,E) \ (F,A)) = (1,2)* soft semi #go-fr (F,A).

3.1.6. Theorem.

If (F,A)and 71,(G,B) are (1,2)" soft subsets of 77,(X,E) such that (F,A) N 7,(G,B) = @ , where (F,A) is (1,2)*
soft semi #ga-open in (X,E) , then (F,A) i1 (1,2)* soft semi #ga-cl(G,B) =@ .

Proof:

If possible, let x € (F,A) N (1,2)* soft semi #ga-cl (G,B). Then (F,A) is a (1,2)* soft semi #ga-open set
containing x and also x € (1,2)" soft semi #go-cl (G,B). By Theorem 2.8 (viii), (F,A) A #75(G,B) = @ , which is
contradiction . Thus (F,A) i (1,2)* soft semi #ga-cl (G,B) = @.

3.1.7. Theorem.

If (F,A)and 77,(G,B) are (1,2)" soft subsets of 77,(X,E) such that (F,A) € 77,(G,B) and 71, (G,B) is (1,2)"
soft semi #go-closed in (X,E), then (1,2)* soft semi #ga-fr (F,A) € (G,B).

Proof:

(1,2)* soft semi #go-fr (F,A) = (1,2)* soft semi #ga-cl (F,A) \ (1,2)* soft semi #ga-int (F,A) € (1,2)* soft
semi #ga- cl (G,B)\ (1,2)" soft semi #ga-int (F,A) = 77, (G,B) \ soft semi #go- int (F,A) € 77,(G,B).

3.1.8. Theorem.

If (F,A) and 77,(G,B) are (1,2)* soft subsets of 77,(X,E) such that (F,A) N 77,(G,B) = @, where (F,A) is
(1,2)* soft semi #ga-open in (X,E), then (F,A) i (1,2)* soft semi #go-fr (G,B) = @.

Proof:

Since (1,2)* soft semi #ga-fr (G,B) € (1,2)* soft semi #ga-cl (G,B). If possible, let x € (F,A) A (1,2)* soft
semi #ga-int (G,B). Then (F,A) is a (1,2)" soft semi #go-closed set containing x and also x € (1,2)* soft semi #ga-
int (G,B). We know that a point x € (1,2)* soft semi #goa-cl (F,A) iff every (1,2)* soft semi #ga-open set in (X,E)
containing x intersects both (F,A) and its complement  77,(X,E) \ (FA) = @ , which is contradiction . Thus (F,A) i
(1,2)* soft semi #go-int(G,B) =@ .

3.1.9. Example.

LetU={u; ,up,us},E={x; ,x, Yand Fr =X={(x; {u; ,uy,us}), (x; {uy ,uy,usP}. And let (X, 7,
%,) be asoft bi-topological space, where #; = { @, Fy, , Fa; , Fa » X}, T2 = {9, Fy, , Fag , Fap, » X}, then 735
soft open setsare { @, Fu, Fu, , Fag, Fag s Fay,  Fay, s Fay, » X} and 77, soft closed setsare {@, Fy, Fu, ,Fy, , Fay,
! FA31 J FA44 !

Fp,e » X} Then,
Frontier of soft semi #ga-closed set is: [{x; , (u3)}]

IV. CONCLUSION

In this paper , Frontier of soft semi ga-closed sets in soft bi-topological spaces introduced and studied
with already existing sets in soft bi-topological spaces. The scope for further research can be focused on the applications
of soft bi-topological spaces.
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