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Abstract- Free convection flow of a Jeffrey fluid in a circular pipe has been investigated. A non-linear density
temperature relationship is taken to express the body force term as buoyancy term. Applying perturbation method, the
nonlinear governing equations are solved and the expressions for the velocity field and the temperature distribution are
obtained. The rate of heat transfer from the pipe wall to the fluid is determined. It is observed that the velocity increases
with increasing NDT parameter, ¥, or Jeffrey parameter, Al , whereas the temperature decreases with increasing y or

Al. The results have been compared with the corresponding case of linear density temperature variation. The Nusselt
number has also been plotted against the free convection parameter, K, for various values of y and it is observed that

the Nusselt number increases with increasing K..
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I. INTRODUCTION

In fluids, heat convection takes place by forced convection and natural (or free) convection. Forced convection is a
mechanism, or type of transport in which fluid motion is generated by an external force (like a pump, fan, suction device,
etc.). So it is used to increase the rate of heat exchange. Free convection flow, on the other hand, results from the action
of body forces on the fluid, that is, forces which are proportional to the mass or the density of the fluid. In this case, the
flow patterns are determined by the buoyant force on the heated fluid.

Ostrach [1, 2] has analyzed the effect of the frictional heating and the heat sources in the fluid, on the fully
developed laminar convection flow between two parallel vertical plates when the wall temperatures are either constant or
varying linearly along the plate length. Following this linear density temperature (LDT) variation, several convection
problems are investigated. Water is a liquid which does not behave like normal liquids. The volume of water increases,
if we heat it or cool it, provided initially the water is at 4°c. This is known as anomalous expansion of water. In such
cases, the density and temperature, relationship is modeled as quadratic density temperature (QDT) variation. Goren [3]
has obtained a similarity solution of the boundary layer equations of the free convection flow from a semi-infinite plate
of uniform temperature to water at 4°c. In this study he has established the necessity of using QDT variation. Sinha [4]
has investigated the fully developed laminar convection flow between two parallel vertical plates, assuming QDT
variation. Barrow, Seetharama Rao [5] and Brown [6] examined the flows with the LDT relation on laminar free
convection. Using the QDT relationship, Sinha [4], Agarwal & Upmanyu [7], and Balakrishan et al. [8] discussed free
convective flows of Newtonian fluids in tubes. Bhargava and Agarwal [9] have investigated the fully developed free
convective flow of a Newtonian fluid in a circular pipe.

Nonlinear density temperature (NDT) relation accommodates the LDT relation and QDT relation to some extent.

Furthermore, this relation takes care of the linear temperature-dependence of Ao used by earlier researchers. Gilpin

[10] has used a density-temperature relation, which is similar to the NDT relation and which has been introduced by
Vanier and Tien [11] with a view to predict the heat-transfer results in the case of water for temperatures between 0° and
20°C. Sastri and Vajravelu [12] considered the problem of free convection between vertical walls. Using NDT relation
they investigated the fully developed free convection flow and heat transfer between two long parallel vertical walls kept
at constant temperatures. Krishna Gopal Singha [13] investigated analytical solution to the problem of MHD free
convective flow of an electrically conducting fluid between two heated parallel plates in the presence of an induced
magnetic field. Hayat et al. [14] investigated the effect of heat transfer on the peristaltic flow of an electrically
conducting fluid in a porous space. Vajravelu et al. [15] examined the free convection flow of Jeffrey fluid in a vertical
porous stratum under peristalsis.

A nonlinear density temperature variation can be defined as

2
Ap :_ﬂop(T _Ts)_ﬂlp(T _Ts) (1)
where B, /3, are the constants and T is the temperature in hydrostatic condition,

This reduces to LDT variation when ;=0 and QDT variation when [,=0.
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In this paper, we discuss the problem of fully developed laminar free convection flow of a Jeffrey fluid in a
circular pipe, implementing the NDT relationship defines above. The flow and heat transfer both depend upon a new

parameter :( bl ﬂO)AT in addition to the heat source parameter « and the free convection parameter K. The
velocity field, the temperature distribution and Nusselt number are obtained and the results are discussed through graphs.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

Consider the fully developed steady laminar free convection flow of a Jeffrey fluid in a circular pipe. In the cylindrical
coordinate system(l’,¢,2), let u,v,w be the wvelocity components. The motion being rotationally symmetric and

assuming that the flow is fully developed, all the physical quantities will be independent of ¢ and z. The radial and
tangential components of velocity are zero. The corresponding equations of continuity, motion and energy are

ow
—=0 2
pe 2
2
O=—@+pfZ £ aW 1ow (3)
0z 1+ 4 ot r@r
8T 14T ow’
0=K — 4
[ar rarjﬂ{arj Q @

Where, Q a constant, denotes the heat added due to heat sources, f, the generating body force, K; the coefficient of
thermal conductivity and p the pressure.
The boundary conditions are

at r=0, d—W—O d—T=0 (5)
dr dr
at r=a, w=0, T=T, (6)

Following Ostrach [1], the body force term in (3) can be expressed as buoyancy term. In the hydrostatic condition
equation (3) gives

op
f,——=0 7
sty e ()
and hence
op p
f—E=(p-p)f +pf -
pl——=(p=p)fitpof——
op, op
=(p-p)f, +—=-2L 8
(p=p) fr 2= ©)
p
=(p-— f _“Fb
(p=p) f.m—
where Po=pP—p,. )
From (1), we get
Ap =—p,p0 - p,p0* (10)

where  O=T T,
Now using relation (9) and (10), equations (2)-(5) lead to

dr2+FE__(1”1)(ﬂ°e+ﬁl )f,=0 @
d0+1d0+,u£dwj LQ W)
dr® rdr dr K,
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3. NON-DIMENSIONALIZATION OF THE FLOW QUANTITIES

We introduce the following non-dimensional quantities:

r . K& . Kw
77:—’6 =—, =—,
0, w
where
2,202 222 2,413
@:m—n,wztﬂa@,K:nﬂpa@ (13)
Vv uK;
Equations (11) and (12) reduce to
20,7 * *2
dw 10w qa)e+2 5 =0 (14)
dn® n dp K
9 . N2
d 92 +1d6’ +[dw] +aK =0 (15)
dp” 5 dnp {dp

where a(= Qa2/ Gle) is the heat source parameter. The parameter K can also be expressed as

K= GI’(PI’) f,a/C, inwhich Gr(= B, f,a°07 /V2) is the Grashoff number and Pr is the Prandtl number.
For the sake of convenience, dropping the stars, eqns. (14) and (15) finally are

d’w 1 dw

2+————a+zg(9+1+Fj=o (16)

dn® ndn K
d%0 1do (dw
dn® ndp \dny
The corresponding boundary conditions are

mnzqgﬂzaggzo
dp  dpy (18)

atn=Lw=0,0=K.

2
j +aK =0 7)

4. SOLUTION OF THE PROBLEM

Equations (16) and (17) are coupled nonlinear differential equations which cannot be solved for exact solution. Applying
perturbation method, we write

w = Kw, + K?w, + K*w, +..... (19)

0 =K, +K?, +K*0, +..... (20)
Substituting (19) and (20) into (16) and (17) and equating the coefficients of like powers of K on either side of the
equations thus obtained, we get the following set of equations

wQ+%w5—@+4X@+y%)=o

W"l+£W'1—(1+/11)(6?1+2;/9001)=O (21)
n

w, +1W'2 +(1+ ﬂl)(@z +7/(20,6, +t9f)) =0
n
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0,+160,+a=0
"

0, + 1 0, +w:=0 (22)
n

0,+ 1 0, +2yww, =0
n

The boundary conditions (18) then reduce to

=0,w,=w,=w,=0
at n | 0. 1‘ 2 23)
0,=0,=0,=0
=1, W, =W, =W, =0
at T=5 Wo =V =1 (24)
0,=16,=6,=0
Solving egns. (21) and (22) under (23) and (24), we get
W, =Dy + An® - An' + An° (25)
O =1+ (26)
6,=D,— Ay + A’ — A + An° - An’ 27)
leE1+E27716_E37714+E47712_E57710+E6778_E7776_E3774+E9772 (28)
1+ 4 ay &y 1+ﬂlj o aj/ ay
h = =4 |11
wnere A&(4j{+4+7+2 16}%(16 B8 2
1+ 4 \av 36A7 48A A
I D — = =
A3(36J16 Ath-A A= A e
16A 24A1A2 16AA, 4A&
= = D =
A= 64 64 ’A, 36 ,Aa | A-A+A-A+A
(1+4) A4(1+2v+“"j+A5“V
£ 1+ ) Aav 2 2
2 512 196
(1+ﬂl)(A3(l+2v+avj+Aﬁavj (1+Zl)(AG(1+2v+an+A7avj
2 2 2 2
E, = E, =
144 | 100
(1+/11)(A,(1+2v+“"j+A8(“VD (1+/11)(A8(1+2v+“vjj
2 2 2
E, = E, =
64 | 36
av
1 1+2v+—
_eaen, | _0rA0(12e )
° 32 ° 4

Similarly we can obtain the solutions for &, and W,. The velocity and temperature functions are then

obtained from (19) and (20). The rate of heat transfer from the pipe wall to the fluid per unit area of the pipe surface is
given by

_Ko@(oo) _Ke@
T aK 877 o a
The Nusselt number is therefore

(%+K(—12A4 +10A, —8A, +6A,—4A3)j (29)
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ga 1(06 —a
Nu = =—|—=| =—+K(-12A,+10A. -8 6A —4 30
u 0K K[%jn:l > +K(-12A, +10A, —8A +6A, —4A,) (30)

2]

IV. ANALYSIS AND RESULTS

In this paper, fully developed free convective flow of a Jeffrey fluid in a circular pipe is investigated and the results are
discussed for various physical parameters. We note that when the Jeffrey parameter A, is taken as zero, the results agree

with the corresponding ones of Bhargava and Agarwal [9].
Flow solutions are depicted graphically to study the parameters a, v, A; and K on the velocity, the temperature

and the Nusselt number.
Taking y=0 in equations (21) and (22) under (23) and (24), we obtain velocity, temperature corresponding to LDT

case of Jeffrey fluid flow in a circular pipe and they are given by

W, =Dy + An’ — An* + A’ (31)
0, :1+g—%772 (32)
6, =D, —An” + A’ — An® + An® - An’ (33)
leE1+E27716_E37714+E47712_E57710+E6778_E7776_E3774+E9772 (34)
(AN @) A (rA)e A ﬂja_zv
vinere A&_( 4 j(1+4j’A2_[ 16 ]4,A3 ( 36 ) 16
o ~ _36A _48AA _16A7 24AA,
P T ATATA AT ,Af‘ 165 " 64 ' 64
_16AA, , AN L, _ _(1+4)Aav
A== ,%—161D1—A4 A+A-A+A B ="—p"
(1+21)(A4(1+2v+“")+A5“"j (1+21)(A5(1+2V+0Nj+A6avj
E — 2 2 E - 2 2
’ 196 e 144
(1+21)(A5(1+2v+avj+A,avj (1+21)[A7(1+2v+avj+AB(aVD
E_ 2 2) ¢ _ 2 2
) 100 o 64
(1+/11)(A8(1+2V+0(2VD (1+21)Dl(1+2v+avj
E, = T E,=0 E,= . 2

The variation of velocity with 1 is calculated, from equations (25) and (28), for different values of y and X, and
is shown in Figures 1-4, for fixed K. We observe that the velocity increases with the increase in the NDT parameter v,
heat source parameter o and Jeffrey parameter A5,

From the equations (26) and (27), we have calculated the temperature as a function of n, for fixed K, for different
values of y, A; and o and is shown in Figures 5-8. We observe that the temperature decreases with the increase in the
parameters vy, o and ;.

From the equation (30) we have calculated the Nusselt number as a function of K for fixed A; and for different
values of NDT parameter y and o and is shown in Figures 9 and 10. We observe that the Nusselt number increases with
the increase in the NDT parameter y and .

We have calculated the Nusselt number as a function of K and y for fixed o, and for different values of Jeffrey
parameter A; and is shown in Figures 11 and 12.We observe that the Nusselt number increases with the increase in the

parameters A, and .
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Fig.1 Velocity distribution for various values Fig.2 Velocity distribution for various values
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Fig. 3 Velocity distribution for various values of A, for ~ Fig. 4 Velocity distribution for various values of A,for
fixed a=5, K=0.5 and ¥ =0. fixed 0=5, K=0.5 and } =0.2.

0.5 : : : : : : : : : 0.5 : s : : : : . : :
[0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n n
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for fixed a=7, K=0.5 and X, =0.01. for fixed 0=8, K=0.5 and A, =0.01.
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Fig.11 Nusselt number distribution for various values of A; Fig.12 Nusselt number distribution for various values
for fixed =5 and ¥ =0. of Ay for fixed o=5 and } =0.2.

V. CONCLUSIONS

The velocity increases with the increase in the NDT parameter y and heat source parameter a.
The velocity increases with the increase in the Jeffrey parameter A, and y.

The temperature decreases with the increase in the parameters y and a.

The temperature decreases with the increase in the parameters A, and .

The Nusselt number increases with the increase in the parameters vy, A; and o.

@IJAERD-2017, All rights Reserved 223



International Journal of Advance Engineering and Research Development (IJAERD)
Volume 4, Issue 9, September-2017, e-ISSN: 2348 - 4470, print-ISSN: 2348-6406

REFERENCES

[1] OSTRACH, S. Laminar natural convection flow and heat transfer of fluids with and without heat sources in
channels with constant wall temperature, NACA TN 2863 (1952).

[2] OSTRACH, S. Combined natural- and forced-convection flow and heat transfer of fluids with and without heat
sources in channels with linearly varying wail temperatures, NACA TN 3141 (1954).

[3] GOREN, S.L. On free convection in water at 4°C, Chem. Engng Sci. 21 (1966) 515.

[4] SINHA, P. C. Fully developed laminar free convection flow between vertical parallel plates, Chem. Engng Sci. 24
(1969) 33.

[5] BARROW, H. and SEETHARAMA RAO, T. L.. The effect of variable fi on free convection, Br. Chem. Engng
16(8) (1971) 704.

[6] BROWN, A. The effect of laminar free convection heat transfer of the temperature dependence of the coefficient of
volumetric expansion, J. Heat Transfer 97, (1975) 133.

[71 AGARWAL, R.S; and UPMANYU, K. G. Laminar free convection with and without heat sources in a circular pipe.
Bull. Calcutta math. soc., 68 (1976) 285.

[8] BAL KRISHAN, GUPTA, G.D. and SHARMA, G.C. Free convective MHD flow between two coaxial circular
pipes. Bull.Cal. Math. Sec.,76 (1984). 315-320.

[91 BHARGAVA, R and AGARWAL, R.S., Fully developed free convection flow in a circular pipe. Indian J. pure
appl. Math., 10(3) (1979) 357-365.

[10] GILPIN, R. R.. Cooling of a horizontal cylinder of water through its maximum density point at 4°C, Int. J. Heat
Mass Transfer 18 (1975) 1307.

[11] VANIER C. R. and C. Tien, Effect of maximum density and melting on natural convection heat transfer from a
vertical plate, Chem.Engng Symp. Ser. No. 82 (1968) 64.

[12] SASTRI, K.S., and VAJRAVELU, K.. Fully developed laminar free convection flow between two parallel vertical
walls-1. Int. J. Heat Mass Transfer, 20 (1977) 655.
[13] KRISHNA GOPAL SINGHA. MHD free convective flow of an electrically conducting fluid between two heated
parallel plates in the presence of an induced magnetic field. International Journal of Applied Mathematics and
Computation, 1(4) (2009) 183-193.
[14] HAYAT, T.,QUERESHI,MU. And HUSSAIN, Q. Effect of heat transfer on the peristaltic flow of an electrically
conducting fluid in a porous space. Appl Math Model, 33 (2009) 1862-1873.

[15] VAJRAVELU, K., SREENADH, S. and LAKSHMINARAYANA, P. The influence of heat transfer on peristaltic
transport of a Jeffrey fluid in a vertical porous stratum. Commun nonlinear Sci Numer Simulat 16 (2011) 3107-
3125.

@IJAERD-2017, All rights Reserved 224



