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Abstract:

In this paper we focused to produce graceful labeling, odd graceful labeling, k - graceful labeling for the graph G; U G5,
among G, is a - graceful graph and G, has one of above three labeling.
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1 Introduction

In 1966 Rosa[1] defined a function f is a graceful labeling of a graph G, if f:V(G) — {0,1,...|E(G)|} is
injective and its edge induced function f*: E(G) - {1,2, ..., |[E(G)|} defines as f*(e) = |f(w) — f(v)]| is bijective, for
every edge e = (u,v) € E(G). A graph G is called graceful graph, if it admits a graceful labeling. He also defined « -
labeling as a graceful labeling with an additional property that 3 a non - negative integer k(0 < k < |E(G)|) 3 for every
edge e = (u,v) € E(G) , either f(x) < k <f(y) or f(y) < k < f(x) . A graph which admits an « - labeling is must be a
bipartite graph and we call here an « - graceful graph.

A function f is called a (k,d) - graceful labeling of a graph G, if f:V(G) - {0,1, ...,k + (q — 1)d} is injective
and its edge induced function f* on E(G), gives edge label absolute difference of its end vertices under f and it produces
precisely k, k+d, k+2d,..., k+(g-1)d edge labels, where q = |E(G)| such graph G is called a (k,d) - graceful graph. (k,1) -
graceful graph is known as k - graceful graph and (1,2) - graceful graph is known as odd graceful graph. It is obvious that
(1,1) - graceful or 1 - graceful labeling is precisely graceful labeling for a graph G.

In [3,4] Kaneria and Jariya defined a semi smooth graceful labeling for a bipartite graph G, it is an injective map
f:v(G)-{01,..,.t —1,t+,t+1+1,..,q+1}and its edge induced function f*:E(G) » {1+ 1,2+1,...,q + 1}
defined as f*(e) = |f(u) — f(v)] is bijective, for each edge e = (u,v) € E(G), for any non - negative integer I.
Kaneria, Meera Meghpara and Maulik Khoda[5] proved that semi smooth graceful labeling for a graph G is equivalent to
an a - graceful labeling for the graph G.

Here we considered G = (V,E), a simple, finite and undirected graph with p vertices and q edges. We follow
Harary[2] for the basic notation and terminology of graph theory.

2 Main Results
Theorem - 2.1
Let G; be an a - graceful graph with an « - labeling f:V(G,) - {0,1, ..., ¢1}, where gq; = |E(G;)]| and a non negative
integer k(0 <k<gq,), foreache =(x,y) €E(Gy), it satisfies min { f(x), f(y)} < k < max {f(x), f(y)}. Let G, be an
graceful graph with a graceful labeling g: V(G,) - {0,1, ..., q,}, where g, = |E(G,)| and |[f(V(G)) Nn{k — 1,k + 2}| <
1,|g(V(G2)) n{1,q, — 1}] < 1. ThenG; U G, is a graceful graph.
Proof: Let V; = {v € V(G,)/f (v) < k} andV, = V(G;) — V;. Since, q, — g is a graceful labeling for G,
and|g(V(G3)) n{1,q, — 1}] < 1, without loss of generality we assume thatg, — 1 € g(V(G>)).

To defineh: V (G, U G,) - {0,1, ..., ¢, + g2}, we need following two cases.
Case-l:k+2 ¢ f(V(Gy)). By propertyof fand k,k + 2 & f(V>).

Define h/Vy = f/Vi, h/V, = f/V, + q, and h/v(G,) = g/V(G,) + k + 2. It is obvious that h(V;) <
(1,2, .., k}h(V(G)) S {k + 2,k +3,..,qu + k,qs + k + 2}, a5 q, — 1 € g(V(Gy)).

Thus, above defined labeling pattern give rise h is an injective map in this case, as f and g both are injective
maps.
Case- Il :k—1¢ f(V(G,)) Bypropertyof fand k,k — 1 & f(V;).

Define h/Vy = f/Vi,h/V, = f/V, + q, and h/V(G,) = q, — g/V(G,) + k — 1. It is obvious that h(V;) €
1,2, k—2,k},ask—1¢ f(V),h(V(G)) Stk —1Lk+1Lk+2,k+3,..,q; +k—1},asq; — 1 & g(V(G))
and h(Vz) c {QZ +k+ LQZ +k+ 2, o qr + qZ}

Thus, above defined labeling pattern give rise h is an injective map in this case, as f and g both are injective
maps.

By construction of h, h*/E(G{) = q, + f*/E(G,) and h*/E(G,) = g*/E(G,). Therefore, h* is a bijection on
G, VU G, and so, h is a graceful labeling for G, U G,. Thus, G, U G, is graceful graph.
Illustration - 2.2
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K34 U (P3 x P3) and its graceful labeling, K34 and its a - graceful labeling, (P; x P3) and its graceful labeling are shown
in Figure 1.

Figure 1:K3 4 and its a - graceful labeling[Here k = 8], (P; x P3) and its graceful labeling. Here 7 ¢ f(V(G,)) and

11 ¢ g(V(Gy)).
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Figure 2: K3 4 U (P3 X P3) and its graceful labeling.
Theorem - 2.3
Let G, be an « - graceful graph and G, be an odd graceful graph, then G, U G, is also an odd graceful graph.
Proof: Let G, be an a - graceful graph with a labeling f:V(G,) - {0,1, ..., ¢;}, where q; = |E(G;)| and a non -
negative integer k(0 < k < q,), for each e = (x,y) € E(G,), it satisfies the condition min{f (x), f(y)} < k <
max{f(x),f(y)}. TakeV, = {v € V(G,)/f(v) < k}and V, = V(G,) — V;. Let g:V(G,) - {0,1,...,2-q; — 1} be an
odd graceful labeling for G,, where q, = |E(G,)|.

Define h: V(G, U G,) - {0,1, ...,2(q; + q,) — 1} as follows.

h/Vy =2(f /W), h/Vy, = 2(f/V,) + 2q, — 1 and h/V(G,) = g/V(G,) + 2k + 1. It is obvious that h(V;) <
(1,2,..,2k}, h(V(Gy)) € 2k + 1,2k + 2, ...,2(q, + k)Y and h(V,) € {2(qz + k) + 1,2(q2 + k) + 2, ..., 2(qy + q2) —
1 }. Thus, above defined labeling pattern give rise h is an injective map, as f and g both are injective maps.

By construction of h, h*/E(G,) = 2f*/E(G,) = 2f*/E(G,) + 2q, — 1 and h*/E(Gy) =
g*/E(G,). Therefore, h*: E(G, U G,) - {1,3, ...,2(q1 + q2) — 1} is a bijection and so, G; U G, is an odd graceful graph.
Ilustration - 2.4
(P3 X P, U Cy) and its odd graceful labeling, (P; x P,) and its « - labeling, Cs and its odd graceful labeling are shown in

the Figure 4,3.
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Figure 3: C; and its odd graceful labeling, P; X P, and its a - labeling [Here k = 8].

28 45 2 37 12
23
17
0
10 20
26 22
41
19 8 31 16

Figure 4: (P; X P, U Cg) and its odd graceful labeling.

Theorem - 2.5
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Let G; be an a - graceful graph with an « - labeling f:V(G,) - {0,1, ..., g1}, where g; = |E(G;)]| and a non - negative
integer t(0 < t < q,), for each e = (x,y) € E(G,), satisfies min{f(x),f (M)} <t <max{f(x),f ()} IfG,isa
k - graceful graph with a k - graceful labeling  g:V(G,) - {0,1,...,q; + k— 1}, ¢ = |[E(G) |, k+q, — 2 &

gV (Gy))and t+ 2 ¢ f(V(Gy)), then Gy U G, is a k - graceful graph.

Proof : Let V1 = {u € V(Gl)/f(u) < t} and V(Gz) = V(Gl) — Vl'
Take V3 = {W € V(Gz)/g(W) < k} and V4 = V(Gz) — V3.
Define h: V(G U G,) = {0, 1, ...,q1 + q2 + k — 1} as follows.

h/Vi =f/Vi,h/V, = f/Vo +q +k—1and h/V(G,) = g/V(G,) + t + 2. By property of f
andt, t + 2 & f(V,). Itis observed that h(V}) € {0,1, ..., t}, h(V(Gy)) S {t + 2,t +3,...,t + k+q, — 1, t +
k+qgy+1}ask+qg,—2¢ g(V(Gyp)) and h(V,) c{k+t+qyk+
t+qg,+2,..k+q1+q;—1},ast+ 2 & f(V;). Thus, above labeling pattern give rise h is an injective map,
as f and g both are injective maps. By construction of h, h*/E(G,) = g*/E(G,) and h*/E(G,) =
f*/E(Gy) + k + q1 + g, — 1. Therefore, h* is a bijection on G; U G, and so, h is k - graceful labeling for
G1 U G,. Hence, it is a k - graceful graph.

Ilustration - 2.6

Gy = Py X P3,G, = K;3 U Ps. Gy U G, and its k - graceful labeling, G; and its « - labeling, G, and its k -
graceful labeling are show in Figure 6,5.
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Figure 5: p, x P and its « - labeling[ here t = 8], K55 U P and its k - graceful labeling. where t + 2 & f(V (P, x P3)) and

k+q,—2=k+8¢ f(V(Gy))
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Figure 6:p, x P; U (K, 3 U P) and its k - graceful labeling.
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