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1. INTRODUCTION : the study of common fixed point of mappings satisfying contractive
type conditions has been very active field of research activity during last three
decades. Brian Fisher [1] proved an important common fixed point theorem
In 1922m the Polish mathematician, Banach , proved a theorem which ensures
under appropriate conditions, the existence & uniqueness of a fixed point. His
result is called Banach fixed point theorem or the Banach contraction principle.
This theorem provides a technique for solving a variety of applied problems in
mathematical science & engineering. Many authors have extended, generalized
& improved Banach fixed point theorem in different ways. In[2] Jungck
introduced more generalized commuting mappings, called compatible
mappings which are more general than commuting & weakly commuting
mappings.

The concept of the commutatity has generalized in several ways.
For this sessa [6] has introduced the concept of weakly commuting and Gerald
Jungck 7 Rhoades [4] introduced notion of weakly compatible & showed that
compatible maps are weakly compatible but not conversely.

2. PRELIMINARIES :
Definition 2.1:- A sequence {x,} in a metric space (X, d) is said to be convergent to a point
X € X, denoted by lim,,_,,, x, = x if lim,_, d(x,,x,,) = 0.
Definition 2.2:- A sequence {x,} in a metric space (X, d) is said to be Cauchy sequence if
lim,_,(x,,x,,) = 0 foralln,m>t
Definition 2.3:- A metric space (X, d) is said to be complete if every Cauchy sequence in X
is convergent.
Definition 2.4:- Let f & g be two self maps defined on a set, then f & g are said to be weakly
compatible if they commute at coincidence points, i.e., if fu = gu for some
u € X then fgu = gfu.
Definition 2.5:- Let f & g be mapping from a metric space (X,d) into itself. The mapping f &
g are said to be compatible if lim,_,, d(fgx,, gfx,) = 0 whenever {x,}
is a sequence in X such that lim,,_,., fx, = lim,_,, gx, = t forsomet e X
Definition 2.6:- A pair (f, g) of self-mappings of a metric space is said to be semi-compatible
lim,,_,, fgx, = gx , whenever {x,} is a sequence in X such that
lim, ., fx, = gx, =x
Definition 2.7:- Let f & g be two self-maps on a set X. Maps f & g are said to be commuting
if fgx = gfx for all x € X
Definition 2.8:- Let f & g be two self-maps on a set X. If fx = gx , for some x in X then x is
called coincidence of f & g.
Definition 2.9:- A function @ : [0,%) — [0, %) is said to be contractive modulus if
@ :[0,00) > [0,0) &P (t) < tfort>0.
Definition 2.10:- A real valued function @ defined on X C R is said to be upper semi
continuous if lim,,_,., @(x,) < @(x) for every sequence {x,}€ X with
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X, = X asN— o

3. MAIN RESULT
3.1 Implicit Relations :

Let F* be the set of real functions F (ty, t,, ....ts ): [ 0,00]°=[ 0, o] satisfying

(Fy) Fis non increasing in variables t; & ts

(F,) Thereisanh;>0 & h, > 0 such that h=h;h, <1 & ifu > 0, v > 0 satisfy
(Fa) u<F (v, u, v, utv, O)then we have u < h;v & ifu = 0, v = 0 satisfy
(F))u<F(v,u,v,0, ut+v) then we have u < hyv

(F3) Ifu=0issuchthatu <F(0,0,u,u,0)thenu=0

3.2  Fixed Point Theorem:

Let P, Q, S & T are four self mappings of a complete metric space (X, d)
satisfying the following conditions
@ P(X) < T(X) , QX) < S(X)
(b) d(Px,Qy) < F(d(Sx Ty);d(Sx Px);d(Sx Qy);d(Ty, Qy); d(Px, ty))
For all x & y in X where f € F*
Then P, Q, S & T have unique common fixed point z in X. Further z is the unique common
fixed point of P& S&of Q& T

Proof. Suppose X, € X
Since P(X) < T(X) , Q(X) < S(X)
We can choose Xy, Xn+1, Xns2 SUch that
PXp = TXpe1 & QXpe1 = SXneo ,N=0,1,2,3..........
Using (b) we have

d( PXn, QXner) < F(A(SXn, TXne1); A( SXn, PXni1); A(TXne1, QXnea); d(SXn, QXne); d(PXn, TXne1))
= F( d(QXn.1, PXp); d(QXn.1, PXp); d(PXn, QXn+1); d(QXp.1, QXpeay; 0))
< F(d(PXn, QXn.1); d(PXn, QXn-1); d(PXn, QXpe1); d(QXp1, QXns1); 0) )
< F(d(PXn, QXn-1); d(PXn, QXn-1); d(PXn, QXne1); A(PXn, TXn1); d(PXn, QXns1) )

Thus by property ( F,)
d(PXy, QXq+1) < hy d( PXn, QXp.1)
Similarly, d(QXp+1, PXy) < hy d( PXn2, QXn.1)
Therefore, d(Px,, QXn+1) < h d(PXq.2, QXn.1)

From this we conclude that d(PXn, QXns1) < h" d( PXg, QXy)
d(QXn+1, PXn+2) < hzh]_ d(PXo, QX]_) for n=l,2, ...........
Since h < 1 the sequence { Pxo, QXy, PXs, ...... ,QXn1, PXn, QXai1..yis @ Cauchy sequence

Since (X, d) is a complete metric space this sequence has a limit z in X the consequences
{Px} = {Txp+1} & {QXn+1} = {SXn+2} converge to the point z

We suppose that the mapping S is continuous, so that the sequences {S°x.} & {SPx.}
converge to the point Sz. Since P & S are weakly commute, we have
d(SPx,, PSx,) < d( Sx,, Pxy)
so that the point {PSx,} converges to the point Sz.
Using ( b), we have
d( PSXna an+1) < F(d(SZXn, Txn+1) d(SZXn, PSXn) d(TXn+1y an+l); d(SZXn, an+1);d(PSXm TXn+1) )
By letting n — oo, we get
d(Sz, z) < F (d(Sz, z); 0; d(Sz, z); d(Sz, 2) )
Therefore by property (F3) , we getd (Sz,z)=01i.e.,,Sz=z
Again by using (b) , we have
d(Pz, Qxn+1) < F(d(Sz, TXn.1); d(Sz, PZ); d(TXne1, QXne1); d(SZ, QXner); d(PZ, TXne1) )
By latting n — oo, we get
d(Pz, z) < F(0; d(z, Pz); 0; 0; d(Pz, 2) )
Therefore by property (F3) , we get (Pz,z) =0 i.e., Pz=z2
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Since P(X) T(X) there is a point y in X such that Ty =z
Therefore by (b) , we have
d(z, Qz) = d(Pz, Qy) < F(d(Sz, Ty); d(Sz, Pz); d(Ty, Qy); d(Sz, Qy); d(Pz, Tz) )
so that d( z, Qy) < F(0; 0; d(z, Qy); d(z, Qy); 0)

Therefore by property (F3), we get d(z,qy) =0 i.e,, Qy=z
Since Q & T are weakly commute , we have

d(Qz, Tz) = d(QTy, TQy) < d(Tz, Qy) =0
Thus Qz = Tz & so that by (b), we have

d(z, Qz) = d(Pz, Qz) < F(d(Sz, Tz); d(Sz, Qz); d(Tz, Qz); d(Sz, Qz); d(Pz, Tz))
= F (d(z, Q2); d(z, 2); d(Qz, Qz); d(z, Qz); d(z, Qz) )
=F (d(z, Q2); 0; 0; d(z, Q2); d(z, Q2) )
Therefore by property (F3) , we get d(z,Qz)=0 i.e.,Qz=z ie,z=Qz=Tz
Since Sz=Pz=2z,wegetz=Qz=Tz=Sz=Pz
Thus z is a common fixed point of P, Q,S & T
On the other way the proof is similar if mapping T is continuous.
Now if we consider that the mapping P or Qis continuous, in the similar way we can prove that
z is a common fixed point of P, Q, S& T.
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