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Abstract : In this paper, we extend a unique fixed point of Pal and Maiti for any positive power of two self mappings in 2-
metric space
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Introduction: The notion of 2-metric was introduced by Gahler in 1963 as an abstract generalization of the concept of area
function for Euclidean triangles. The concept of 2-metric attracted the attention of many researchers. Many authors like Iseki,
Khan, Rhoades, Lal and Singh etc. probed deeply into this area and established several fixed point theorems in 2- metric
space setting as generalizations or extensions to the metric fixed point theorems. Several fixed point theorems appeared in 2-
metric spaces analogous to the fixed point theorems in metric space setting. In this present work we generalize the fixed point
theorems that are proved by pal and maiti[4]. In 1977 Rhoades [6] proved some fixed point theorems by using contractive
type mappings for 2-metric spaces.

1. Preliminaries

In this section, we present some basic definitions which are needed for the further study of this paper

1.1 Definition: Let (X,d) be a 2 —metric space. A mapping T: X—Xis said to be
Contractive if for all x,y,a in X
d(Tx, Ty,a) < d(x,y,a)
1.2 Definition: A 2-metric on a non-empty set X is a function d: X®*—> R,

satisfying the following properties.

@ d(xy, z)=0,ifatleast two of x,y,z are equal

(b) for each pair of distinct points x , y in X there exists a point z€ X such that

dx,y,2) # 0

() d(x vy, z)=d(x,z,y)=d(y, z,x)forallx,y,zinX

(d) d(x,y, z) < d(x,y, u)+d(x,u, y) +d(u, y, z)forallx,y,zand u in X

then d is called a 2-metric on X and the pair (X ,d) is called a 2-metric space

1.3 Remark: A Contractive mapping of a complete 2 —metric space (X,d) into itself need
not have a fixed point.

1.4 Example: Let x={ x€R : x >1} with 2-—metric defined as

dxy.2)=min {|x-y| [y-z|.|z-x]|}

Let F(x) = x+)l( , then F(1) =2, F(2) = 2.5,F(3) =3.33 and so on.
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d(F(1), F(2), F(3)) =d(2,25,3) =%
d(1,2,3) = 1
But, % <1,s0 F is a Contractive but it has no fixed point
2. Generalized fixed point theorem
2.1 Theorem: : Let (X.,d) be a complete 2—metric space and S, T:X — X
Such that for all X, y, a in X and positive integers p,q, (p + q)
d(S°(x), T(y), &) < max. { d(x, y, @), d(x, S*(x), a),d(y, T*(y), a)
Yo d(x, TU(y), @) + d(y, S°(x), a)]
Then Sand T have a unique common fixed point
Proof: Let for any arbitrary point X, € X, { x,, } be a Cauchy sequence defined as
Xon1 =S Xp o Xon =79%,, , »n=0,1.2,............
Then from given condition
dan = d{Xan, Xons1, @) = d(S " Xon 19 Xon_1 a)
< max {d(XZn-l 1X2nva)1 d(Xan S P X2n ,a), d(in'll Tq in_l ,a)

1/2[d(x2m T a X a) + d(x2n—1: S P X2n ,a)] }
i.e., d(Xan, Xon+1, @) < d(Xzn-1, Xon, @)
ot = d(Xanse1,Xons2,8) = d(S ° Xon 78 Xon_g0 a)

2n-1"

< max.d(XznXons+1,2),d(Xon, S * Xp0,8),0(Xene1, 74X, 18,

Yo[d(Xan 79X, 1 @) *+ A0anes, S P Xp,2)] 3
i.e., d(Xan+1, Xon+2, ) < d(Xan, Xon+1, @) <A(X2n-1,Xzn, @), ... d(xo, X1, @)
Thus donsy < Oon < ooovvivinnn.n. <dy. so the sequence { d,, } is monotone decreasing
and bounded also
Thus d,,—1 as h—oo. As X is compact, there exists a cluster pointu in {x, }
And so there exists a subsequence { x,, } = U as n— .

Also x5,.1 =S"X,, »SPuand

Xonsz =T Xy = TISPX, > T9SPu when n-w.
Thus we get
1= 1im d(em, xom41,@) = liM d(xz,,S " X,,, @) =d(u, SP u, a)
n—oo n—ow

1

. o . q
M d(xzn41, %2042, ) = r|1l—l;2 d(S " X0, T " X3p41 ,0)

n—oo

i p agp
lim d(s Xon, TTS X2n,a>

n—oo

diSPu, TS’u, a)

Suppose that u # SPu, then
d(u,S*u,a)<d(u, S"u, x,,) +d(u, x;,, a) + d(x,,. S° u, a)
= d(u, SPu, x,,) +d(U, xp,, a) +d(T? Xzn.1, SP u, a)
<d(u, S"u, xp,) + d(U, Xon, a) + max { d(U, Xzn1, &), d(u, S ° u, a),

1
d(in-la T a XZn—].! a‘)l E [d(uv T a XZn—].! a) + d(in—]J S P ul a)] }
=d(u, S u, xp,,) + d(U, Xzn, 8) + max {d(U, X1, 8),d(u, S u, a),

d(Xan-1, Xon, @) % [ d(u, Xon,a) + d(Xzn.1, SP u, a)] }

When n —o
d(u,S"u,a)<d(u, S u,a), which is impossible.Thus S u, = u.
Similarly we can show that T 9 u = u.
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Then u is the common fixed point of SPand T9.
Next we show that u is the only common fixed point of
If possible let u* # u is a another common fixed pointof SPand T9.

Then'S® (u) =T 9 (u) = u™.
Hence d(u,u*,a) =d(S°uT%u*a) < max.{d(u, u* a),d(u, S"u,a)du* Tu* a),

SPand TY.

1
5 [duTIun ) +dw s ua)}

d(u,u*,a) < d(u,u*,a) which is a controdiction

Thus u=u*.
Hence u is the unique common fixed pointof SPand T9.
If we put p=g=1then uisaunique common fixed point of Sand T.
Remark: Ifwe put S=T and p =q=1Then we get an analogee of pal and Maiti with condition (d) [4] in 2 —metric

space.
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